Abstract-In this work we preset a new technique for measurement of harmonic distortion in microwave photodiodes. Our technique combines optical combs and high-resolution optical filtering to provide a pure optical two-tone excitation of the photodiode. Our technique removes the challenges presented by laser frequency drift and modulator bias control by utilizing a single laser and phase-modulation to synthesize the optical combs. We demonstrate our technique through measurement of the harmonic distortion generated in a commercial InGaAs photodiode and compare our results with those obtained via phase-locked laser measurements. We show that this technique provides essentially equivalent measurement fidelity to phase-locked laser techniques while offering decreased system complexity. We additionally provide a general discussion of the limits of nonlinearity measurements performed using optical heterodyne techniques.
Optical Comb Sources and High-Resolution
Optical Filtering for Measurement of Photodiode Harmonic Distortion
I. INTRODUCTION
A NALOG photonic links are finding increased usage in a variety of military and commercial radio-frequency (RF) systems. Diverse applications ranging from optical signal processing [1] and optical analog-to-digital conversion [2] to antenna remoting [3] , [4] continue to drive enhanced link performance. In conventional externally intensity-modulated direct-detection (IMDD) analog optical links employing Mach-Zehnder intensity modulators (MZMs), link performance is predominantly determined by two quantities-the efficiency of the MZM and the average received photocurrent [5] , [6] . As a result, there has been much interest in achieving very low halfwave voltages (a measure of modulator efficiency) and very high average photocurrent levels as these enable extremely low noise figure analog links [7] , [8] . In addition to increased modulator efficiency, there is also significant interest in improving link linearity by mitigating the inherent nonlinearity of the MZM through the use of various linearized modulators [9] , [10] , the wavelength- [11] or polarization-dependence [12] of Mach-Zehnder modulators, or through linearized phase-modulated links [13] - [15] . While these techniques have been utilized to achieve spur(ious)-free dynamic ranges in excess of 130 dB (in a 1-Hz bandwidth), such demonstrations have only been performed in modest-photocurrent links ( mA). As the average current is increased to improve link performance, nonlinearities in the photodiode (PD) will eventually surpass those of the MZM [4] . Therefore, it is increasingly important to look beyond the well-understood nonlinearity of Mach-Zehnder modulators to quantify and, eventually, mitigate the nonlinearity of other components-of particular interest are the photodiodes utilized in the receiver.
In order to measure the nonlinearity arising from the photodiode (PD) one must ensure the optical signal exciting the photodiode is sufficiently pure such that the measured distortion may be correctly attributed to the photodiode. This is why a simple analog photonic link may not be used to characterize PD nonlinearity-for typical photodiodes and MZMs, the MZM distortion is significantly larger than that of the PD. Several techniques have been devised to provide pure optical excitation signals; the purest excitation is achieved through heterodyning a pair of offset phase-locked lasers [16] . This two optical-tone technique produces a single RF tone at the offset frequency and is ideally suited to characterize PD nonlinearity through measurements of harmonic distortion levels. The addition of a second pair of phase-locked lasers then enables two RF-tones and, hence, allows measurement of intermodulation distortion (IMD) [17] . While these techniques yield the cleanest optical excitation signal they require customized lasers (sufficiently close in wavelength that they may be locked and heterodyned), along with the necessary control and tuning electronics. Stringent laser frequency stabilization is required as drift in optical frequency directly translates to drift in the RF frequency. A technique based on two parallel IMDD links has also been demonstrated for measurement of intermodulation distortion [18] . Here, the parallel links operate at different carrier wavelengths such that there is no beating between sidebands arising from different links. While this technique may be applied at a variety of wavelengths and the RF frequency is easily tuned and stable, it requires exacting control of the MZM bias to ensure the measurement is not corrupted by modulator nonlinearities [19] . An improved technique would posses the purity of phase-locked laser techniques and the tunability and wavelength flexibility of parallel-link techniques, without the requisite complex control electronics of either.
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In this work we demonstrate the use of optical combs [20] , [21] in concert with high-resolution optical filtering [22] for measurement of photodiode harmonic distortion [23] . The use of parallel optical phase modulators to generate two optical combs from the same erbium fiber laser removes both the effects of laser frequency drift and the need for modulator bias control. High-fidelity optical filtering provides the necessary excitation purity through deep suppression of unwanted optical comb lines. To illustrate our technique, we characterize the harmonic distortion of a commercially-available PIN photodiode. We demonstrate our technique exhibits sufficient sensitivity to measure small bias voltage-dependent changes in PD nonlinearity and show the results obtained with our technique compare exceedingly well with those obtained via phase-locked laser measurements. Additionally, we discuss the limits and requirements of our technique as well as several general guidelines for PD nonlinearity measurements.
We note modelocked laser-based optical combs (in particular in the 800-1300 nm regime from Ti:sapphire or Cr:forsterite lasers) are finding increased usage as ultra-stable microwave sources [24] . As a result there has been significant research in determining the primary sources of phase noise in these systems [25] . Time-domain saturation of the photodiode used to obtain the microwave signal has been shown to contribute a significant amount of phase noise in these sources [26] , [27] . Recently, mode-filtering of the optical comb prior to photodetection has been demonstrated to provide substantial increase in microwave signal-to-noise ratio leading to potentially shot noise-limited phase noise performance [28] . To our knowledge, the work presented here represents the first use of optical combs to characterize the nonlinearity of high-speed photodiodes.
II. THEORY AND MEASUREMENT LIMITS
It is useful to briefly consider the theory behind the use of optical heterodyne techniques to measure photodiode nonlinearities in order to set bounds on the level of photodiode distortion that may be measured accurately. Consider the two-tone optical field (1) where, is the optical carrier center frequency, and are offset frequencies relative to , and are the field amplitudes. When this field is incident on a photodiode it may be readily shown that the photocurrent is given by (2) Here are the time-average optical powers intercepted by the photodiode, is the photodiode DC responsivity (A/W) and is the diode frequency response at (unitless, normalized ). The time-average RF power delivered to a load resistance is then
Note, the RF power varies as the product of the powers of each optical tone. When the optical tones are derived by passing optical combs through an imperfect optical filter (one exhibiting finite extinction), the RF power in spurious tones arising from unwanted comb-lines will be determined by the product of the optical power transmission of the filter at the optical frequencies of interest. This will be further discussed in the following section with respect to the purity of the photodiode excitation in our apparatus.
As is common in microwave system analysis, we characterize the nonlinearity of the photodiode using the -th order intercept points-the RF output power at which the fundamental and -th order distortion powers would be equal. Mathematically, the relation between the fundamental output power , the -th order distortion power and the intercept point is [29] (
We see that we may readily determine by measuring the power in the nonlinear sidebands and fundamental signal. The maximum intercept point that may be determined is tied to the minimum measurable power; in turn, the minimum measurable power is set by the noise floor of the measurement apparatus (in the absence of significant nonlinearity in the measurement device itself). For a measurement system (electrical) bandwidth , we may define the measurement dynamic range (unitless) to be (5) Here, is the output noise power spectral density and is the maximum fundamental RF power that may be generated in the system. Realizing the maximum intercept occurs when the fundamental power is maximized and the distortion power is minimized we find maximum -th order intercept and measurement dynamic range are related by (6) Note, the maximum intercept that may be determined depends on the distortion order ; lower distortion orders grow less rapidly, therefore, higher intercept points may be determined for a fixed measurement noise floor.
We may now explore the measurement limits of optical heterodyne techniques in general by analyzing the measurement dynamic range. For two fixed-intensity optical tones, the maximum RF power is achieved for 100% modulation-depth, that is . Since the average photocurrent is given by [see (2)], we see the maximum RF power that may be achieved for a fixed average photocurrent is (7) When a low-noise laser is utilized to generate the optical combs and there are no optical amplifiers utilized in the system, the noise power spectral density at the photodiode output consists of thermal noise and shot noise ( is Boltzmann's constant, K, and is the magnitude of the electronic charge)
Substituting (7) and (8) into (4) and (5) we see the measurement dynamic range and maximum measurable th-order intercept points are given by (9) and (10) where is the thermal noise current delivered to the load; this current becomes negligible for photocurrents above 1.0 mA. The key point here is that the measurable intercept point and average photocurrent are linked-to accurately measure the intercept requires that the average photocurrent is sufficiently high to bring the nonlinear sidebands above the noise floor. The calculated system dynamic range (gray curve), and measurable intercept points (black curves for : dashed, and : solid) are shown in Fig. 1 for a measurement bandwidth of 1-Hz. Here, we have taken the photodiode frequency response as for simplicity. As is evident from Fig. 1 , very high intercepts may be measured at very modest photocurrent levels, provided the measurement bandwidth is sufficiently narrow. Practically, larger bandwidths are typically required due to stability or time constraints. For a shot noise-limited system with reasonable average photocurrents ( mA) and measurement bandwidth ( Hz), the system dynamic range is on the order of 139 dB and the maximum intercept points are approximately dBm and dBm, respectively. Finally, it is important to address potential nonlinearities in the electrical measurement apparatus. While some of those familiar with photodiode measurements are aware of the necessary precautions to ensure a valid nonlinearity measurement, to our knowledge the topic has not been discussed in the literature. To use third-order distortion as an example, it may be readily shown [29] that the third-order intercept point of a two-element cascaded system satisfies (in linear units) (11) where is the RF power gain of the second stage and and are the intercept points of the first and second stages, respectively. Clearly, the largest term in (11) dominates. Therefore, if the nonlinearity of the measurement device approaches or exceeds that of the photodiode one must reduce the gain of the measurement device sufficiently to ensure the photodiode nonlinearity dominates the measurement. We note, the presence of spurious tones in the optical excitation may also impact the measurement dynamic range-the impact of imperfect two-tone excitation is discussed in the following section.
III. EXPERIMENT
The basic concept of our technique is to emulate a pure twotone excitation through high-resolution filtering of a pair of optical combs. Our measurement apparatus is shown in Fig. 2 . Here, the output of a 150 mW erbium fiber laser (NP Photonics, Inc., nm) is split via a 50/50 fiber coupler and directed to two parallel lowphase modulators ( 3 V, EOSpace, Inc.). The applied RF signals are at center frequencies of GHz and GHz (or 21 GHz). The phase-modulator outputs are recombined with a second 50/50 coupler and directed into a high-resolution optical filter designed to select one line from each comb. The optical filter is a fiber-coupled double-pass Fourier transform pulse shaper designed for 12 GHz frequency resolution [30] . The output of the optical filter is combined with the output of a second laser (80 mW distributed feedback laser, EM4 Inc., nm) using another 50/50 coupler and the composite signal is directed onto the photodiode under test. As in other techniques [16] , [19] , the second laser is sufficiently offset in wavelength from the first that there is no beating between the two at the photodiode. Therefore, the second laser acts only as a source of average photocurrent allowing the output RF power and DC photocurrent to be varied independently.
The RF measurement apparatus (not shown) consists of a 6-dB waveguide power divider followed by a pair of electrical spectrum analyzers (ESA, Agilent Technologies 8563EC). One ESA is used to measure the fundamental output power. The input to the second ESA is filtered to remove the fundamental, thereby providing a measurement of the distortion present in the photodiode output which is unaffected by potential ESA nonlinearity. The filtered signal is then amplified and measured with the ESA [the measured distortion powers are adjusted to account for the measurement gain of 34 dB (2.48 GHz) and 38 dB (3 GHz)]. The frequency offset between the combs is varied from 1.24 GHz to 1 GHz because of the available filter center frequencies (2.48 GHz and 3 GHz). The 240 MHz change in fundamental frequency has negligible impact on our experiment. This apparatus allows one to probe photodiode nonlinearity as a function of both modulation depth for a fixed average photocurrent (as presented here) or as a function of average photocurrent for a fixed modulation depth. In the latter measurement, the second laser is removed (or simply switched off), the optical combs are adjusted to have equal amplitudes ( 100% modulation depth), and the post-filter variable optical attenuator is adjusted to vary the average photocurrent. The measurements presented here (nonlinearity as a function of modulation depth) are indicative of how the photodiode operates in an actual analog link-that is, the average photocurrent is determined by the available laser and/or optical amplifier while the modulation depth is determined by the input RF signal amplitude. In this case, the photodiode nonlinearity is largely due to static redistribution of the photodiode's internal electric field arising from the average photocurrent level (the nonlinear sideband amplitudes obey a largely power-law dependence on average photocurrent) [31] - [33] . As the average photocurrent increases for a fixed modulation depth (the second measurement mode) the peak photocurrent will cause a dynamic redistribution of the junction electric field. This results in a sharp increase in nonlinearity where the nonlinear sideband amplitudes tend to follow a greater-than-power-law dependence on average photocurrent. Thus, these measurement modes are complementary and provide data for two distinctly different operating regimes of the photodiode.
There are several benefits to this technique. First since both combs are generated from the same laser, laser frequency drift is a substantially smaller (or negligible) problem than in phaselocked laser techniques. Here, laser frequency drift is mapped to an amplitude fluctuation of the fundamental RF tone (if the frequency drifts far enough to push the selected comb lines to the edge of the optical filter passband), in contrast to the frequency drift it causes in phase-locked laser systems. So long as the fundamental and distortion powers are measured simultaneously-or if sufficient averaging is utilized-amplitude fluctuations will have negligible effect on the measurement results. Secondly, any distortion arising from impurity of the optical excitation is fixed at a level determined by the optical filter extinction. This is achieved by generating the optical combs via phase-instead of amplitude-modulation-modulator bias control is not required. Adjustment of the RF drive amplitudes may be used to compensate for differences in halfwave voltage between the modulators (to achieve the desired amplitude relation between the optical comb lines) at the beginning of the measurement. The modulators are co-located and operate with fixed optical and RF input powers; therefore, thermal drift is not a problem in this technique. Finally, our technique may be easily extended to intermodulation distortion measurements by introducing another laser and pair of phase modulators prior to the optical filter.
A. Comb/RF Tone Generation and Measurement Limits
In this work, the phase modulators are excited with approximately 1-W of RF power apiece-this corresponds to a drive voltage approximately three-times greater than the modulator halfwave voltage. The optical combs consist of approximately 9-lines apiece as shown in Fig. 3(a) . Note that, since the line spacing is different for each comb (solid black curve: 20.00 GHz, dashed black curve: 21.24 GHz), the spacing between comb lines of the same order increases monotonically with the magnitude of the order. For example, the first-order lines ( yield an RF beat note at GHz, the second-order lines
give an RF frequency of GHz, and so on. This illustrates one method by which the RF excitation frequency may be tuned. Alternatively, the offset frequency may be continuously varied by tuning the RF drive frequency of one phase modulator. We note the small-amplitude lines in the 21.24 GHz comb ( GHz) are due to the spectral impurity of the driving synthesizer. The 21.24 GHz tone is derived from a fundamental signal at 5.31 GHz and the measured spectrum contains low-level tones at the fundamental through sixth-harmonic. In this work, the optical filter is adjusted to select the sideband; the filter passband as measured with an amplified spontaneous emission source and an optical spectrum analyzer is shown by the solid black curve in Fig. 3(b) and the passband calculated from the optical filter parameters is shown by the dashed gray curve. Here, the passband shape and bandwidth are primarily determined by the spatial dispersion ( GHz/mm) of the spectrometer (filter) and the focused spot-size ( m) of the Gaussian beam within the filter [34] . The measured dB bandwidth is approximately 12.5 GHz which agrees extremely well with the predicted value of GHz. The peak insertion loss of IL 16 dB is typical for filters employing 2-in gratings and optics. The filtered combs are shown in Fig. 3(c) . Here, the lines from each comb are selected, with greater than 34 dB suppression of unwanted lines. To examine the purity of the photodiode excitation, we can determine the upper bounds on the in-band distortion arising from imperfectly suppressed optical comb lines. From Fig. 3(c) , we see the lines are suppressed to a level of dB relative to the lines. If we assume both lines are suppressed equally, the result is an additional photocurrent contribution roughly three-orders-of-magnitude below that arising from the lines [see (2) ]. This additional current has negligible impact on our results. If we consider the secondand third-order optical sidebands, we see these have been sup- pressed to levels of roughly dB and dB below the -order lines in the optical domain. In the RF domain the distortion signals at and are then at least 96 dB and 112 dB below the fundamental signal, respectively. To cast these into intercept values, the maximum fundamental RF power arising from the -lines is approximately dBm; since the -th order intercept point may be expressed as (in dBm) (12) where CD is the carrier-to-distortion ratio (in dB), we see the intercept points corresponding to the apparent distortion levels are dBm and dBm-these values are substantially higher that the intercepts thus-far demonstrated in state-of-the-art photodiodes [35] .
It is worth noting that the above values assume equal filtering for both combs and, thus, represent the worst-case excitation purity. If we consider the individual 20 GHz and 21.24 GHz combs in Fig. 3(c) we see that the combs are not equally-filtered; there is an approximately 10 dB power difference between the lines, while the line from the 20 GHz comb is at least 10 dB below the corresponding line of the 21.24 GHz comb (limited by the measurement noise floor). Thus, the excitation-limited intercept points could increase by dBm and dBm, or more. While there is also beating between different orders of the optical combs, the resulting distortion products are mapped out-of-band. Therefore, they do not impact our measurements.
Though not shown in Fig. 2 , our apparatus utilizes erbiumdoped fiber amplifiers (EDFAs) just prior to, and following, the optical filter. It is well known that the amplified spontaneous emission (ASE) from the EDFA leads to an increased noise floor in the RF (electrical) domain [36] [an additive noise term in (8) ]. The EDFAs in our system result in a 24 dB noise penalty-this also lowers the measurement dynamic range from the shot noise-limited value. We compare the measurement limits imposed by ASE noise and spurious excitation tones in our apparatus to the shot noise-limited performance in Table I . In the current apparatus, the dynamic range and measurable intercept points are clearly limited by the purity of the photodiode excitation. We note, however, that the optical filter extinction may be further improved (increased by 10 dB) through proper choice of components and RF drive frequencies. Such a system would then be limited by the additional noise arising from the EDFAs. In either case, the current apparatus provides sufficient purity to characterize the linearity of current and near-future photodiodes. We note, similar filtering and purity performance was achieved in a separate apparatus [23] ; in this system, however, the measurement sensitivity was slightly lower due to an additional EDFA used to amplify the second CW laser source (used to control DC photocurrent). 
B. Example Nonlinearity Measurement
To demonstrate the efficacy of our technique, we probe the nonlinearity of a commercial 40 m (18 GHz) InGaAs PIN photodiode. For these measurements, the fundamental frequency is near GHz (as described above, it is tuned over 240 MHz to place the nonlinear sidebands within the passbands of the available RF filters) and the measurement bandwidth is Hz. The total average photocurrent is maintained at 10 mA by appropriately adjusting the power of the second laser as the filtered comb power is varied. The fundamental power is varied over the range of approximately -dBm; the lower limit corresponds to the point where the smallest nonlinear sideband drops below the noise floor and the upper limit is set by the available laser power and RF drive parameters. The measurement is performed with photodiode bias voltages of V and V-the ability to resolve the small improvement in linearity with increasing bias [33] provides a simple way to verify the sensitivity of our technique. Fig. 4 shows the measured harmonic distortion levels versus the measured fundamental output power. Here the symbols (circles: V, diamonds: V) represent the measured data and the lines are linear fits to the log-scale data. The linear fits for the V exclude points that obviously deviate from the appropriate slope (for example those very near the noise floor, or those occurring at very high fundamental powers where there are sharp increases in nonlinearity at low/moderate bias voltages). From the data we extract intercepts of dBm and dBm for V. At the increased bias voltage of V, both intercepts are found to increase reaching dBm and dBm. We see a clear increase in linearity with the intercept points increasing by dBm and dBm, respectively. Such improvement in linearity is well documented [33] and verifies the sensitivity of this technique. In Fig. 5 we compare the distortion-to-fundamental ratio for the measured distortion levels to the worst-case distortion present in the excitation signal. Here, the second-harmonic data are shown in gray and the third-harmonic in black; the circles show data for V and the diamonds correspond to V. At the lowest fundamental and distortion powers (where excitation fidelity matters most) we see that the measured distortion levels exceed the potential excitation distortion by almost two orders-of-magnitude for both the second-and third-harmonic. This clearly illustrates our technique exhibits the fidelity necessary to characterize the linearity of state-of-the-art photodiodes.
For comparison we also measure the same photodiode using a pair of offset phase-locked Nd:YAG lasers at approximately 1320 nm [16] . The experimental parameters remain fixed-the fundamental excitation is at GHz, the average photocurrent is held at 10 mA and the measurements are made for both V and V. Table II summarizes the results of our measurements. We see that the intercept points derived from these two techniques agree quite well; the 1-3 dB differences are readily attributed to measurement accuracy (the ESA amplitude accuracy is 1 dB for both systems). There are likely small wavelength-dependent variations in the measured nonlinearity as well [37] ; however, this area warrants further research. This comparison illustrates that both techniques provide equivalent measurement fidelity for current photodiode structures.
IV. SUMMARY
In this work we present a new technique for measurement of photodiode harmonic distortion based on an optical heterodyne between lines of two distinct optical frequency combs.
Both combs are generated from the same erbium fiber laser, thereby removing any adverse effects arising from laser frequency drift. By utilizing optical phase modulation as opposed to intensity modulation we eliminate modulator bias drift thereby increasing the measurement fidelity and simplifying the measurement system. The current apparatus may be used to characterize photodiodes exhibiting harmonic-distortion intercept points as high as dBm and dBm (limited by the optical filter extinction). We note our technique may be readily extended to measurement of intermodulation distortion. The addition of a second laser and pair of phase-modulators before the optical filter would enable generation of two independently-tunable fundamental signals-this addition would further extend the facility of the technique as harmonic and intermodulation distortion are not necessarily easily linked in photodiodes.
